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Abstract—the major problem of biotechnological process
supervision is the complexity and the non-linearity of
mathematical model. However, the non-linear model has
been transformed into a linear one using multimodal. In
this paper, an application of Takagi-Sugeno modeling
method of Anaerobic Digestion (AD) of organic wastes was
studied and analyzed. Results obtained of the multimodal
will be verified by computer simulations under
Matlab/Simulink environment. The referred
biotechnological process is described by a second-order
non-linear model based one-stage reaction scheme.
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l. INTRODUCTION

Anaerobic digestion (AD) is a biotechnological process
widely used in life processes and a promising method for
solving some energy and ecological problems in agriculture
and agro industry.

In such kind of processes, generally carried out in continuously
stirred tank bioreactors, the organic matter is depolluted by
microorganisms into biogas (methane and carbon dioxide) and
compost in the absence of oxygen [1]. The biogas is an
additional energy source which can replace fossil fuel sources.
It therefore has a direct positive effect on greenhouse gas
reduction. Unfortunately this process is very complex, may
sometimes become very unstable and thus needs more
investigations.

An active research problem is to better understand the
dynamics of growth and death of the different populations of
the complex community of bacteria acting during Anaerobic
Digestion (AD) processes.

Many mathematical models of this process are known [2-3].
Generally they are very complex nonlinear sets of ordinary
differential equations with a great number of unknown
coefficients, which make them hard applicable for control
purposes. More over, one way to cope with such difficulty is
to develop a nonlinear model composing of a number of sub-
models which are simple, understandable, and responsible for
respective sub-domains. The idea of multi-model approach

[1,4] is not new, but the idea of fuzzy modeling [5] using the
concept of the fuzzy sets theory offers a new technique to build
multi-models of the process based on the input-output data or
the original mathematical model of the system.

The fuzzy model proposed by Takagi and Sugeno [5] is
described by fuzzy IF-THEN rules which represent local input-
output relations of a nonlinear system. The main feature of a
Takagi-Sugeno fuzzy model is to express the local dynamics of
each fuzzy implication (rule) by a linear system model. The
overall fuzzy model of the system is achieved by fuzzy
"blending™ of the linear system models. In this article, the
nonlinear dynamical system can be represented by Takagi-
Sugeno fuzzy models to high degree of precision. In fact, it is
proved that Takagi-Sugeno fuzzy models are universal
approximations of any smooth nonlinear system [6,7] .

This paper is organized as follows. firstly, a description of the
AD is presented in section Il. In section Ill, the mathematical
model is given. Section IV the TS approach is presented. In
section VI computer simulation results are shown and
discussed .Finally the reported work is concluded.

Il.  MATHEMATICAL MODELING OF THE AD PROCESS

Anaerobic digestion is a multistep process involving the action
of multiple microbes. Usually, such processes contain a
particular step, the so-called rate limiting or rate-determining
step, which, being the slowest, limits the rate of the overall
process. Lawrence [8] defined as limiting step “that step which
will cause process failure to occur under imposed conditions of
kinetic stress”. The first attempts for modeling anaercbic
digestion led to models describing only the limiting step.
However, during a wide range of operating conditions, the
limiting step is not always the same. It may depend on
wastewater characteristics, hydraulic loading, temperature, etc.
Andrews [8] for example considered acetogenic
methanogenesis as the limiting, O'Rourke [8] — the conversion
of fatty acids to biogas, and Eastman and Ferguson [8] — the
hydrolysis of biodegradable suspended solids.

It is apparent that the “limiting step hypothesis” leads to simple
and readily usable models.
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Such models, however, do not describe very well the anaerobic
bioreactor (digester) behavior, especially under transient
operating conditions [8].

The Graef and Andrews model [9] involves only the
acetoclastic methanogens. The conversion of volatile fatty
acids into biogas is considered limiting. This is the first and the
most simplified model for description of the AD process
describing the process rate limiting methanogenic step [2, 10]
represented by the following differential equations:
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where S — substrate (acetate) concentration, g-dm™3; X —
biomass concentration, g - dm~3; D — dilution rate, day~?; S;,
— concentration of inlet organics, g - dm™3; Q — biogas flow
rate, dm3 - day~1; p — specific growth rate, day™!; K; and K,
are yield coefficients. The specific growth rate (u) is with one
from the following expressions:
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Where pnax ks, kms o » @nd k; are kinetic coefficients.
According to this model, a digester is expected to fail
whenever, for some reason, the fatty acid concentration is
increased. This causes a drop in the pH and a rise in the acetic
acid concentration. This in turn causes a drop in the growth rate
of the methanogenic population, until they are washed out, if
the situation is prolonged. It has been proved that this model
poses single maximum of the static characteristic Q = Q(D)
[2]. This simple nonlinear model is very useful for testing
different control algorithms.

1. INTRODUCTION TO FUZZY TAKAGI-SUGENO
MODEL

The T-S models represent a very interesting mathematical
formulation of nonlinear systems. These can therefore be easily
represented regardless of their complexity with a simple
structure based on a nonlinear combination of a set of linear
models [11], [12], [13]. This simple structure with interesting
properties, make them easily exploitable from a mathematical
point of view.

A. Representation of Fuzzy Takagi-Sugeno Model:

Fuzzy models of Takagi-Sugeno are represented by fuzzy rules
like ”IF-THEN” [14]. The i*" fuzzy rule of continuous TS
model is then written as:

if Fy(¢) is F{(Z,(t)) and ... and E,(t) is E:(Z, (1))

" {x(t +1) = Aix() + Biu Li=12,..r

y(@) = Cix(t) + Du

where Fji(Zj (t)) for j=1,2,...,r are fuzzy sets, r the number of
fuzzy rules, Z;(t) premises variables that depend on the input
and/or state of the system,x(t) € R",y € R, u € R™
respectively represent the state vector, the output vector and the
control vector. 4; € R™™ | B; € R™™ [ (; € R |D; €
RT*™ are matrices describing the system dynamics.

Each rule is assigned a weight noted u;(z(t)) which depends
on the degree of membership of the premise variables Z;(t) in
the fuzzy subsets F]-i(Z]- (t)) and the connector  “and”
connecting the premises selected such that:

w(z(0) = T, F (2(9) ,i=12,...r (7)
Fji(Zj(t)) represent the value of the membership function
Z;(t) to the fuzzy set F]l we then have the following properties:
{ i m(z(®) > 0 -
wi(z@®)=0,i=12..,7r
Finally, the defuzzification of the fuzzy model provides the
state representation of a nonlinear model by interconnecting
local time invariant models by non-linear activation functions.
We obtain:
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B. Construction of Fuzzy Takagi-Sugeno Model:

To obtain a TS model include three approaches are widely used
in the literature. The first approach relies on the identification
techniques [15]. The second approach is based on the
linearization of the nonlinear model around several operating
points. The third approach is based directly on the analytical
knowledge of the nonlinear model. It is known as the nonlinear
transformation sectors [16], [17], [18]. The principle thereof is
based on a polytopic convex nonlinear transformation under a
dynamic system.

Unlike the first two approaches that give an approximation of
the nonlinear model, this third method provides a
representative T-S accurately the non-linear model. Note that
the nonlinear sector approach allows to associate an infinity of
T-S models for nonlinear system based on the division of
nonlinearities achieved [17]. A systematic approach to cutting
nonlinear areas based on the following lemma:

Lemal.1l:Transformation Convex Polytopic (TPC) [16]
Let z(x(t), u(t)) a bounded continuous function on the domain
D c R™ x R™ values in R, with x(t) € R™ ,u(t) € R™
Then there exist two functions (i = 1,2)
F,: D - [0,1]

(x(®), u(®)) - Fi(x(6), u(t))
With F; (x(t),u(t)) + F(x(t),u(t)) = 1 such as
Z(x(t),u(t)) = Fl(x(t),u(t))z1 + Fz(x(t),u(t))z2

for all z; = max, yep{z(x, W)} and z, < min, yep{z(x, W)}



The functions F; and F, are defined by:

Fy(x(t),u(t)) = z(x(0),u(®)) — z,

Zy— 2
P (r,u) = 2720 0)

Where z; = max, ,{z(x,w)}, z, = min,, {z(x,u)}

C. Form Quasi-Linear Parameter Variables “Quasi-LPV "
The first step is to convert the nonlinear model into a“quasi-
linear variable parameters” called “quasi-LPV” model. It is
given by:

x(t+1) = A(x,u)x + B(x, u)u
{ y(t) = C(x,u)x + D(x,u)u

There are several possible choices for the quasi LPV form this
depends on the choice of premise variables, whose affects the
number of sub-models and the overall structure of the model,
and on the feasibility of the system. We must also ensure
observability/controllability of the overall system, and for each
sub-model [19]

IV. APPLICATION OF FUZZY TAKAGI-SUGENO MODEL

The anaerobic digestion process of organic waste represented
by the system of differential equations (Eql,2,3) has three
terms nonlinear.

The goal is to derive a T-S fuzzy model from the above given
nonlinear system equations by the sector nonlinearity approach
as if the response of the T-S fuzzy model in the specified
domain exactly matches with the response of the original
system with the same input.

The following steps should be taken to derive the T-S fuzzy
model of (Eq.1,2,3). For simplicity, we assume that
(1, X, S)mimited. Here p, Xand S are nonlinear terms in the last
equations so we make them as our fuzzy variables.

Generally they are denoted as z;, z, andz; are known as
premise variables that may be functions of state variables, input
variables, external disturbances and/or time. Therefore

z; =W, zZ, =Xand z; =S . Equation (Eg.1,2,3) can be

written as:
x =Ax+ Bu
Where x = [}] is state victor,u = D, A = [—kiu g] and
_ -X
B= [ (Sin_s)]

The matrix A and B are non-linear and non-stationer matrix.
Then the system will be given by:

*=[-zﬁu g]”[ (s;x—S)]“

The first step for any kind of fuzzy modeling is to determine

the fuzzy variables and fuzzy sets or so-called membership
functions. Although there is no general procedure for this step
and it can be done by various methods predominantly trial and
error, in exact fuzzy modeling using sector nonlinearity, it is
quite routine. It is assumed in this article that the premise
variables are just functions of the state variables for the sake of

simplicity. This assumption is needed to avoid a complicated
defuzzification process of the fuzzy controllers [20].

To acquire membership functions, we should calculate the
minimum and maximum values of p,X and S, they are
obtained from[21]:

Table 1 gives typical values of different variables and
parameters of the bioprocess.

TABLE I. different bioprocess variables and
parameters values

Symbol  Signification Unit Typical
value
X Concentration g1t 0.025 —
of 0.500
bacteria
S Concentration g1t 0.025 -
of soluble 0.125
organics
B Specific growth day™?! 0.020 —
rates of 0.140
bacteria in the
reactor
D Dilution rate day™! 0.025 -
0.125
Sin Influent g1t 0.300 —
concentration 3.000
of
organic matter
Q Biogas flow 1 gas. (1liquid ™ 0.020 —
rate day™1) 0.700
K, Yield _ 6.70
coefficient
K, Yield lgas.g™* 16.78
coefficient

maxz; = 0.020 , minz; = 0.140
maxz, = 0.025 , minz, = 0.500
maxz; = 0.025 , minz; = 0.125

Therefore p, X and S can be represented by for membership
functions M;, M,, N;, N,, P; and P,as follows:
z,(t) = u(t) = M;(z;) % 0.020 + M, (z,) x 0.140
Z,(t) = X(t) = N;(z,) % 0.025 + N,(z,) x 0.500
z3(t) = S(t) = P;(z3) % 0.025 + P,(z3) % 0.125

And because M;, M,, N4, N,, P, and P, are actually fuzzy sets
according to fuzzy mathematics,

M;(z,) + My(z,) = 1,
N;(z;) + Na(z,) = 1,
Pi(z3) + Po(z3) = 1.

Here, we can generalize that the i™ rule of the continuous T-S
fuzzy models are of the following forms:
Model Rule i:



IF z,(t)is My;and ...and z,(t)is M;p

x(t+1)=A;x(t) + Bu

=12,..,r

Here, Mj; is the fuzzy set and r is the number of model rules;
x(t)is the state vector,u(t) is the input vector, y(t) is the output
vector, A;is the square matrix with real elements and
z1(t),...,z;(t) are known premise variables as mentioned
before. Each linear consequent equation represented by
A;x(t) + Bju is called a subsystem.

The number of sub-model is given by 2'with r the number of
variable premise, we have 22 =8 sub-models, which are
obtained from possible combination of term’s (non-constants)
limits. The three non linear term’s variation are summarized in
TABLE II.

TABLE Il. non-linear term’s combination:

u X S
Minz, Minz, Minz,
Minz, Minz, Maxz,
Minz, Maxz, Minz,
Minz, Maxz, Maxz,
Maxz4 Minz, Minz,
Maxz, Minz, Maxz;
Maxz4 Maxz, Minz,
Maxz, Maxz, Maxz

Where the subsystems are determined as:

-0.025

_ -0.025
B, = [ (Sin—0.025)

B, = [ (Sin—0.125)

A3 = [—8:8521 g] Ay = [—0(.)6022k1 8]
Bs = [ (Sm-0.025) (B = [ S0125)
As = [ 0.140 0] A = [ 0.140 o]

—0.140k, 0 6 —0.140k, 0
Bs = [ (S:n0;002.325)] | Be = [ (si_noi(:)z.fzs)

A, = | o140 o0 A, = | 0140 o]
7 7 1-0.140k; © 8 7 |-0.140k, ©
_ —0.500 ! _ —-0.500
B; = [ (sin—0.025)] Bg = [ (sin—o.125)]

Where: S;, =2.00and k; = 6.70
Now, x can be derived out of defuzzification process as:

x(t) =

h; (z(6))A;x(0) + hy(z(6))A.x(D) + hs(z(1))Asx(t) +
h4(Z(t))A4X(t) + hg (Z(t))ASX(t) + hé(z(t))Aéx(t) +
h (z(t))A7x(t) + hg(z(t))Agx(t)  (10)

Where: hl(Z(t)) = M, (z,(t)) X N;(z,(t)) X P;(z3(t))
h1(Z(t)) = M1(21(t)) X Ny (Zz(t)) X Pz(Zs (t))
h1(Z(t)) = M1(Z1(t)) X N, (Zz(t)) X P1(Z3 (t))
hl(z(t)) = M1(21(t)) X Nz(Zz(t)) X Pz(Zs(t))
h1(Z(t)) = Mz(Z1(t)) X N1(Zz(t)) X P1(Z3 (t))
hl(z(t)) = Mz(Z1(t)) X N1(Zz(t)) X Pz(Zs(t))
hl(z(t)) = Mz(Z1(t)) X Nz(Zz(t)) X P1(Zs(t))
h1(Z(t)) = M,(z,(t)) X Np(z(t)) X P(z5(t))

Finally, the nonlinear system (Eqg. 1,2,3) will be the sum of 8
linear models interpolated by a nonlinear functions, given as a

final result:
_ Tiog mi(z@®){Aix () +Biu}
¥+ = =) (1)

And the final outputs of the fuzzy model for the Continuous
Fuzzy System are inferred as follows:

% = Ny hi(2(0){Ax(O) + B} (12)

V. SIMULATION RESULTS

In Fig 2, the evolution of the system output are given by the
differential equations (Eq.1,2,3) which has been obtained by
using the formulation (Eq.10) from the inputs shown in Fig.1.
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Fig. 2. Outputs of the Nonlinear System and Multi-Model

This T-S fuzzy model can exactly represent the nonlinear
system. Figure 2 shows the implementation of the above fuzzy
model in Matlab/Simulink. As it is evident in Figure 2, the
time responses of the fuzzy model can exactly follow the
responses of the original differential equations, which means
that the fuzzy model can exactly represent the original system
in the pre-specified domains.

VI. CONCLUSION

In this paper, an application of the T-S method for
biotechnological process modeling is presented and detailed.
Results show an exact match between the T-S model behavior
and the original nonlinear model behavior. However, linear
techniques can be applied easily, because of the available tools
(linear algebra, differential equations, and differential linear
systems, etc.); especially those related to the control
algorithms.
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